1.
Let R be the Cayley representation (that is, the right regular representation) of a group G given by R(g) = ( X ) for all g € G and
x € G . Under the mapping R , the group G is embedded into a subgroup R(G) of the symmetric group S where n is the cardinality of G . We identify G with R(G) . It is not hard to see that the centraliser of G in S^ consists of precisely the elements of the form ( X ) .
Suppose that the group G is non-abelian. If X is a group containing a permutation of the form f X ) for some a € G\Z(G) such that gx the property (*) G < X 5 S f n holds then it follows that ^y(<?) contains G properly. However, it is So when G is abelian one cannot obtain by the above method a group X satisfying (*) such that ^y(^) contains G property.
However, we have THEOREM 1. Let G be a finite p-group and X be such that
where n = \G\ and G is embedded in S by the Cayley representation.
Assume that the centraliser of G in X is G itself (such a situation will happen when for example, G is abelian). Then G is properly contained in Ny(G) .
When G is an elementary abelian p-group then #"(£?) is clearly the group of all "affine transformations" on G regarded as a vector space over GF(p) . So from Theorem 1 we derive
COROLLARY 2. If G is an elementary abelian p-group then there is no subgroup of S containing G which fails to intersect N c (T)\T . n o n
It is also interesting to study the problem in the case when G is an infinite group. A celebrated theorem of Higman, Neumann and Neumann [2] states that if G is a group then there is a group H containing G properly such that any two elements of H of the same order are conjugate.
The proof involves first embedding G into an uncountable group and then where the first homomorphism is the natural embedding, we see that the image of X Q must be the identity because \X Q \ and \G\ are co-prime.
Thus X = H which contradicts (l). This completes the proof of Theorem 1.
REMARK. If G is any group (abelian or non-abelian) and A" is a group satisfying the property (*) then it is not hard to see that a minimal such X with the property #^(G) = G must be of the form X = GU where U is a perfect group.
